Creation of a brane world with Gauss-Bonnet term 
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We study a creation of a brane world using an instanton solution. We analyze a brane model with 
a Gauss-Bonnet term in a bulk spacetime. The curvature of 3-brane is assumed to be closed, flat, 
or open. We construct instanton solutions with branes for those models, and calculate the value of 
the actions to discuss an initial state of a brane universe. 
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I. INTRODUCTION 

Although a big bang universe is very successful, it pre- 
dicts the existence of an initial singularity. To resolve 
such a difficulty, we have to search for new gravitation 
theory such as quantum gravity. However, we could so 
far not find it. As a first step to reach it, we may con- 
sider a mini-super space and quantize the isotropic and 
homogeneous universe, which is the so-called quantum 
cosmology P, . Vilenkin claimed that the universe is 
created from nothing Q . This approach is based on the 
picture that the universe is spontaneously nucleated in 
a de Sitter space. The mathematical description of this 
nucleation is analogous to a quantum tunneling through 
a potential barrier 1^. Another approach to quantum 
cosmology is developed by Hartle and Hawking j^], who 
proposed that the wave function of the Universe is given 
by a path integral over non-singular compact Euclidean 
geometries, which is called a "no boundary" boundary 
condition. 

When we discuss the early stage of the universe, how- 
ever, a unified theory of fundamental interactions and 
particles will play a very important role. Among such 
unified theories, a string/M theory is the most promis- 
ing candidate, which is constructed in higher-dimensional 
spacetime. Based on such higher-dimensional theories, 
new cosmological scenario has been proposed, that is a 
brane cosmology. The prototype of a brane world was 
first discussed in 0, 1^. Combined it with the idea of 
D-brane found by Polchinski in a string theory (Si], a 
new paradigm of a brane world has been developed [3- 
Randall and Sundrum also proposed new brane models 
P, ^ . In their second model , it was shown that the 
four-dimensional gravity is recovered even in an infinite 
bulk spacetime. It also provides new terms in the Fried- 
mann equation of a brane universe p^ . The effective 
4-dimensional (4D) Einstein equations with these new 
terms are obtained covariantly by projection of the 5- 
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dimensional (5D) spacetime onto the brane world [Tl|, by 
which we understand naturally the origin of new terms. 

If we believe such higher-dimensional cosmological sce- 
nario, we have to invoke how such a universe is created. 
In particular, because a brane structure is highly inhomo- 
geneous in a higher-dimensional bulk spacetime, we may 
wonder how such a brane universe is born and starts to 
evolve. As for creation of a brane universe, a few works 
has been so far done. Garriga and Sasaki first constructed 
an inflating brane instanton of Randall-Sundrum model 
[T^. This instanton is obtained by gluing two spherical 
parts of AdSs. Hawking, Hetrog and Reall consider the 
creation using an instanton, and discuss infiation and 
a fluctuations during the de Sitter phase in the model 
which contains the quantum correction term called a 
trace anomaly on the brane [T^ IT^ . The trace anornaly 
term is first discussed by Starobinsky for inflation [l5j. 
Another quantum correction term called induced grav- 
ity is introduced on the brane by Dvali, Gabadadze, and 
Porrati fll|. For this model, the effective gravitational 
equations on the brane are derived ,17j . This may provide 
new de Sitter phase without a cosmological constant. 

When we discuss such quantum effects on the brane, 
we may also have to include quantum effects in the bulk. 
In the higher dimensional theory, the higher curvature 
correction terms should be added to the Einstein-Hilbert 
action. These terms appear in the low energy effective 
action of string theory via quantum one-loop corrections. 
In fact the low energy effective actions of some sting the- 
ories include TZ'^^^^TZabcd interactions, but this term 
gives rise to a ghost. In order to resolve this prob- 
lem, Zwiebach (also see 19]) introduce a ghost-free 
Gauss-Bonnet combination. Hence, the Gauss-bonnet 
term should be included when we discuss a brane uni- 
verse with some quantum corrections. 

For RS II type model in the Einstein-Gauss-Bonnet 
theory, it is shown that the graviton zero mode is local- 
ized at low energies as in the original RS II model and 
that the correction of the Newton's law becomes milder 
by including the Gauss-Bonnet term l2(i|.l2ll|. Also the co- 
variant effective 4D Einstein equation is given by Maeda 
and Torii 

In this paper we consider the creation of a brane uni- 
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verse using an instanton solution in the Einstein-Gauss- 
Bonnet theory. We construct a brane instanton including 
a Gauss-Bonnet term. In we present Euclidean ac- 
tion and Euclidean equations of motion in the Einstein- 
Gauss-Bonnet theory. In illlll wc obtain the instanton 
solutions which 3-curvature is positive, zero or negative. 
We show that only for a closed model with positive cur- 
vature there exist instanton solutions either with a single 
brane or with two branes. For a flat or an open model, 
there does not exist any instanton solution with a single 
brane because of a boundary condition. We also cal- 
culate the value of the Euclidean actions to discuss an 
initial state of a brane universe. In Section IIVI we con- 
sider the model including a trace anomaly term on the 
brane. We show there exists instanton solution with an 
inflating brane. In ^3 conclusion follows. 



II. ACTION AND EQUATIONS OF MOTION 

The Euclidean action for the brane world with Gauss- 
Bonnet term in the 5D space time is described by two 
parts: One in a bulk spacetime {A4) and the other in 
brane boundary hypersurfaces {dAi = X^i^-^j)' ^-^^ 



^bulk 



^branc 



(2.1) 



The bulk action is given by 

5|"" = -A/ dx'^[n-2A + aCGB], (2.2) 
where 
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k\ is the 5D gravitational constant, A is a cosmological 
constant, TZ,TZab and TZabcd are the 5D scalar curva- 
ture, Ricci tensor and Riemann tensor, respectively, and 
a is a constant, which is related to a string coupling con- 
stant. The induced 4D metric h^j^^ on a 3-brane is defined 

by 



flA 



B = gAB - riAUB, 



(2.4) 



where ua is the spacelike unit vector field which normal 
to the brane hypersurface. The action of the branes is 
given by the following form: 



J^jy, which is given by some combination of the extrinsic 
curvature defined by 

1 



(2.7) 



The total action {Se = S'^;""' + 3%'^'"') gives the field 
equations as 

Gab + aUAB = -AgAB - KgAB5{dM{), (2.8) 



where 



Qab = Ti-AB — -^gABTl, 



(2.9) 



and 



T^AB — 2 [TZTZab — '^T^AcTZ^B ^ '^TZ'^'^T^acbd 



-TZa^^'^bcde] 



-^gAB^GB- 



(2.10) 



Since we are looking for an instanton solution, we as- 
sume a highly symmetric Euclidean spacetime, which 
metric is given by 



(2.11) 



where 7^^ is a 4D metric with maximal symmetry. This 
maximally symmetric 4D space is classified into three 
cases by the signature of curvature, i.e. k —0 (zero), 1 
(positive), or —1 (negative). It corresponds to the curva- 
ture sign of the Friedmann universe after creation. Since 
the Euclidian space must be compact when we discuss 
its creation, in the case of k=0 or —1, we have to make a 
space compact by identification. Then the flat spacetime 
is a 4D torus, and that with fc = — 1 has more compli- 
cated topology. Although the spacetimes are compact, 
we shall call them "flat" and "open" for fc = and — 1 
as well as "closed" for fc = 1. 

The equations of motion under the above ansatz are 
given by 
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2 ^surface (9A^ i ) 



A. 



-^surface ^ 

K + 2q( J - 2GP''Kp„) 



(2.5) 



(2.6) 



is a surface term of the 5D gravitational action j25|, |2 
|2^ . Xi is a tension on the i-th brane, Kf^^, is the ex- 
trinsic curvature of a brane, K = Kj^, and G^^ is the 
Einstein tensor of the induced metric /lui/- ^ is a trace of 
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= A, 



(2.13) 



where the prime denotes the derivative with respect to r 
and Xi = KgAi. 

By integrating the first equation for a small interval 
{ri — e, rt + e) including a brane, one obtain the junction 
condition 291 at r = as 



6' ^ /6'2 3fc 



— ~Xi , 



(2.14) 
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III. INSTANTON SOLUTION 

We first provide a solution of Eqs. (|2.12() and (|2.13|) in 
a bulk. Eq. (|2.13(l gives the quadratic equation, 



6X + UaX^ = A, 



where 



X 



k-b 
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If a 7^ 0, Eq. H3.1|) gives two solutions; 



X ^ X4 



4a 



(3.1) 



(3.2) 



(3.3) 



where 77 = -^/l + 4aA/3. Here we find two solutions; 
one is called as a plus-branch and the other is a minus- 
branch. The limit of a — > o exists only for the plus- 
branch solution. 

In this paper we consider only a negative cosmolog- 
ical constant (A < 0). ^ Then we have the following 
constraint. 



FIG. 1: brane instanton. The thick vertical circle at r = r; 
represents the 4-sphere brane at which the two identical 5- 
dimensional anti-de Sitter spaces are glued. 



where [ \^ denotes 

[At = A{n + e) - A{r, ~ e) = A+ - A_ (2.15) 

With the ansatz of Z2 symmetry, which gives the relation 

of [A]^ = 2A+ = -2A_, we obtain 

Here the upper (lower) sign is applied at r = r2 (at r = 
ri) for a two- brane model. For a single brane model, we 
apply the upper case at r = tq. Through this paper, we 
use the notation ri{i = 0, 1, 2) where i means the number 
of a brane. For a two-brane model i — 1 and 2 stand 
for a negative and a positive tension brane, respectively. 
While for a single brane model, we use i = standing for 
a brane (see Fig. ^ . 

With equations of motion the action is reduced to 



(k) 



dr I A 
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where is a volume of 4D manifold with the curvature 



(3.4) 



which is required in order that X± is a real value. The 
range of 77 is restricted as < 77 < 1 from the constraint 
(|3.4|l . Under this condition, X± is always negative. We 
then introduce a typical length scale as 



l± = (-^±) 



-1/2 ^ 



3(1 ±^?) 
A 



1/2 



(3.5) 



Since X' = 0, we find b" ^ Ijb from Eq. 123. This with 
Eq. guarantee Eq. ifTT^ . Hence Eq. 

gives a 

bulk solution. 

In what follows, we discuss the instanton solutions for 
each value of k in order. 



A. de Sitter brane instanton (k = 1) 

In the case oi k — 1 , the solution (|3.3|) is written by. 



b{r) = l± sinh 



(3.6) 



which also satisfies Eq. H2.12|l in a bulk. From this bulk 
solution, we construct an instanton solution by cutting 



^ In the case of A = 0, there also exist instanton solutions. For 
fc = 1, the minus-branch solution is included in 13.31 . and the 
plus-branch solution is also included in the limit of — > 0. 
This plus-branch solution is 5D Milne universe. For fc = the 
solutions of both branches is included in 13.151 . For fc = — 1 only 
the minus- branch solution exists and is included in 13.211 . 
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the space at r = and gluing two copies of it on the sur- 
faces of the corresponding point in order that a compact 
Euchdean manifold (instanton) is obtained. At r — Vi, we 
impose the Israel's junction condition (|2.1()|) with fc 1. 
For a single brane instanton, we irnpose "no boundary 
boundary condition" at the origin For a two-brane 
model, we impose the junction condition at ri and r2. 
As a result, the tension of i-th brane is determined by 
these junction conditions. Substituting H3.3() into 12.16|) . 



= (-1)- 



(2±r?) 



2(1 TV) 



cosh{ri/l±) 
sinh(ri//±) 
/ cosh{ri/l±) 



.(3.7) 
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When we take the limit of a ^ in the plus-branch, 
we recover the Garriga-Sasaki instanton, i.e. l± = I = 

y/~6/A, ry = 1 , and 



A, = (-ir^coth(!i) 



(3.8) 



Here we note a 'critical' tension. In a brane model with 
the Gauss-Bonnet term in a bulk, we find some contri- 
bution from the Gauss-Bonnet term in a 4-dimensional 
cosmological constant. As a result, the fine-tuned value 
of the tension to find the 4D Minkowski brane, which we 
shall call a critical tension, is modified from the Randall- 
Sundrum's value. The fine-tuned value is given by 



1 - 4aA T 1 



4 , 
-aA 
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(3.9) 



In our case, if we take the limit of r — )■ cx), the brane 
approaches to the 4D Euclidian flat space because the 
radius of the brane (b{r)) becomes infinitely large and 
the curvature of the brane (S"* manifold) vanishes. In 
this limit, the tension of the brane H3.8|l is 
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(b) 

FIG. 2: The tension for a de Sitter brane instanton with 
77 = 0, 1/3,2/3, and 1. The figures (a) and (b) correspond to 
the cases of a plus and a minus branches, respectively. dX/dr 
is always negative because 2±77 > and l^V > for the range 
of < 77 < 1. Since A monotonically decreases with respect 
to r and approaches the critical tension as r gets large, AA is 
always positive. 



A^,cr = (-1)V(2±^)- 



(3.10) 



This value is consistent with the above generalized 
Randall-Sundrum tuning condition l|3.9|l . Using this crit- 
ical tension, the tension of a positive-tension brane is di- 
vided into two parts A = Acr + AA. It turns out that 
AA is always positive because A decreases monotonically 
with respect to r for < 77 < 1 (see Fig. Hence, 
this brane has always a positive effective cosmological 
constant, that is, de Sitter brane. 

We calculate the action in order to discuss which state 
is most plausible when the brane universe is created. The 
total Euclidian action for this solution is calculated as 
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liiAll 



9) sinh ( p- 



cosh ( 



'3ll{All 
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(3.11) 



6ll 



12a = 0. 



where we have used the relation Al^ _ 

Here v}'^^ = 87rV3 because of manifold. We rewrite 
the action using the variable 77, 



JE — ; 



(+) 



(2 =F 77) sinh ( -j^j cosh [-^ 



-(2T 377) 



[r2 



(3.12) 



For single brane instanton, the action is given by replac- 
ing r2 and ri with tq and 0, respectively. 

Those actions do not have any minimum value, and get 
small when the distance between two branes or the size 
of the brane becomes large. Although we can claim that 
the brane universe may be created as large as possible, 
we cannot predict the initial size. 

The evolution of a brane after creation is given by an- 
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alytic continuation of the Euclidean metric 



dr^ +l^si-nh^{r/l±) (dx^ + sin^ xrff^fg)) (3.13) 



by the Wick rotation, where dflj^^^ is the metric of the 3- 
sphere. It is done by substituting x iHt + 7r/2, which 
leads to 



dr^ 



+ il±Hfsmh{r/l±) 



(3)J 



(3.14) 



where H = l± sinh(ri//-|-) (r.^ — tq or r2) is the radius of a 
brane. After the creation of this spacetime, the universe 
inflates. If AA is given by some potential of a scalar field 
and will decrease to zero, inflation will end (see §. llVjl . 



The evolution of a brane universe after creation is also 
given by analytic continuation of the Euclidean metric 

dsl = dr^ + 6ge2''/'± [dr^ + dx^ + dy^ + dz^) (3.19) 
by the Wick rotation. Substituting r it, we obtain 

ds^ = dr^ + fo^e^'^/'i [-dt^ + dx^ + dy^ + dz^] . (3.20) 
We recover the 4D Minkowski spacetime. 



C. anti de Sitter brane instanton {k — —1) 

In the case of an 'open' brane model (fc = —1), the 
solution of Eq. H3.2|l is given as 



B. flat brane instanton (fc = 0) 

In the case of a flat brane (k ~ 0), the solution of 
Eq. (|3.2I) is 6(r) ~ feoe^^^'*, where 6o is an integrating 
constant. Due to the Z2 symmetry, we consider only the 
plus sign without loss of generality, i.e. 



b{r) = &oe''/'± 



(3.15) 



We can construct an instanton solution in the same way 
as the previous case. We can impose the junction condi- 
tions at the brane boundaries (r = ri and r2, or rg). This 
solution, however, does not satisfy no-boundary bound- 
ary condition, because b{r) dose not vanish at any point 
r. Thus we cannot construct a single brane instanton 
solution. Here we consider only a two-brane model. 

The tension of i-th brane is determined by the junction 
condition (|2.1()l) as 



b' ( 



A, 



Substituting Eq. (|TT3|) into Eq. (|TT^ . 



Ar^ = (-i)V(2±r/), 



(3.16) 



(3.17) 



This tension is independent of the position of a brane 
and is the same as the critical tension (|3.1U|) . 

As for the Euclidean action of this solution, we find 



S f 



2Fi°^64(2^3^) 



,4r2/i± _ „4ri/i± 



(3.18) 



Here V4°^ is the volume of 4D torus. This action does 
also not have any minimum value with respect to the 
distance between two branes. Then we cannot predict 
the initial size of the universe. Note that we can obtain 
one-brane RS II model in the limit of ri —00. In 
that case, the total action Se is still finite. Therefore, an 
instanton solution with one flat brane exists. 



b{r) ~ l± cosh 



(3.21) 



We impose the junction condition at the boundary (r — 
ri and r2). As the same reason for a flat brane model, 
this solution does not provide a single brane model. 

The tension of i-ih. brane is determined by the junction 
condition (|2.16(l as 

b' f b'^ l\ A 

-(3-4a--12a-j.Ty. (3.22) 

Substituting Eq. into Eq. we obtain 



(-ir^ 



(2 ±7,) 



2(1 TV) 



sinh(ri//±) 
cosh{n/l±) 
sinh(ri/;±) 



cosh\rJl±) 



(3.23) 



In the limit of r — > cxd, we recover the critical tension 
(|3.10l) . since the curvature of a brane vanishes. Fur- 
thermore, if we divide the tension (|3.23|) into two parts; 
A = Acr -t- AA, we find that AA is always negative for 
< r/ < 1. Since this tension gives a negative effective 
cosmological constant on the brane, the brane is anti-de 
Sitter spacetime. 

The total action {Se = S*^""" + 5"^"^"'=) is given by 



Se 



(-) 



(—2 ± 77) cosh 



(2 T 3r;) 



[r2 



sinh 



^1 



(3.24) 



Here vj: is the volume of 4D manifold with fc = — 1. 
Again we do not have any minimum in this action. We 
cannot give any prediction for a created brane spacetime. 

To discuss the evolution of the brane universe after 
creation, we have to perform analytically continuation of 
the Euclidian space; 



ds% = dr'^ + ;± cosh^(r//±)ds|_4 



(3.25) 
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■ = 2/3 



Ti 
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FIG. 3: The tension for an open brane instanton with 77 = 
0,1/3,2/3, and 1. Figs, (a) and (b) depict the tension of a 
plus and a minus branches, respectively. dX/dr changes sign 
from negative to positive and A approaches the critical tension 
in the limit of r — > 00. Since A = at r = 0, AA is always 
negative. 



with 



ds^ 4 — dx + sinh x [ d^J" + sin tpdfl 



'(2) 



(3.26) 



By the double Wick rotations, i.e. x z(t + 7r/2) and 
tp ^ j29|, we obtain the metric of the brane as 



-dt^ + cos^ t (^d(j)'^ + sinh^ H^f^^^ , (3.27) 



which gives the AdS spacetime. 



IV. TRACE ANOMALY 

In the previous section, although we can find instan- 
ton solutions for several situations, we cannot provide the 
most plausible state of the brane universe because the 
action does not give any minimum value. If we choose 



the critical tension to obtain zero cosmological constant, 
only a flat brane instanton is possible. The size of the 
brane universe, however, is not determined. Any distance 
between two brane is possible. We again loose the pre- 
dictability. In this section we discuss another effect which 
may give a prediction of the initial state of the brane uni- 
verse. In a curved space time, we know that even in the 
absence of classical gravitational action, quantum fluctu- 
ation of matter fields provides a nontrivial gravitational 
action through a trace anomaly term (r^jy). In the case 
of free, massless, and conformally invariant fields, these 
quantum corrections take a simple form |30| . Those term 
were discussed in the context of inflationary scenario 
and creation of the universe 0, |^ . In i assuming 
the critical tension, the size of the brane universe is fixed. 
Then, in the present case, we also take into account of the 
contribution of the trace anomaly, our junction condition 
is modified as 



~ ~'^5 (''"m"^ + (''7"^)) ' 



- 3 
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n ± 



(4.1) 



where t^v is the energy-momentum tensor of the brane 
matter fields and {t^u) is its trace anomaly term includ- 
ing the tension of the brane, which is given by 



(4.2) 



-ff^l? and h\^J take the following forms; 



-ki ylRRi^ii, — -h^^R^ 
h2VV"V„i?) , 



2V^V,i? 



(4.3) 



-R^Rjja + -^RRfj.u + -^hf^^R'^'^ Ra 



1. 



(4.4) 



where R and R^n are the 4D scalar curvature and Ricci 
tensor respectively. The coefficient fci may not appear 
in A/" = 4 super conformal Yang-Mills theory but can 
be included to obtain a successful inflationary scenario. 
While is uniquely determined: 



k. = 



1 



28807r- 



:(2iVo + llAi/2 + 627Vi), 



(4.5) 



where Nq, N1/2, and Ni are the number of quantum flelds 
with spins 0, 1/2, and 1, respectively. 

We shall include the trace anomaly terms for our in- 
stanton solutions. By using the metric (|2.11|) . 



(4.6) 



where the upper (or lower) sign corresponds to the k = 1 
brane instanton (or fc = — 1 brane one). For a flat brane, 
the scalar curvature and Ricci tensor vanish. 
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The trace anomaly terms are then given by 

= 



(3) _ _3fc3^ 



We obtain 



hfxv 



Hence the junction condition is 



where X — k^X and = n^k^. 



(4.7) 



(4.8) 



(4.9) 



A +1^1,(4.10) 



For a positive tension brane (either a single brane or 
the second brane of two-brane model), we obtain 



3fc 



b' r 



3fc3 

64 



(4.11) 



Since a trace anomaly (|4.9() is always negative (or zero 
for a flat brane), the tension is always below the value ob- 
tained previously. It turns out that only de Sitter brane 
with fc = 1 is possible if we adopt the critical tension. 
We show the tension in terms of including trace anomaly 
term in Fig. 01 



2 



3fc3 



2(1 Tr;) 



li sinh4(r,/?±) 



(4.12) 



If the tension is the critical value (|3.1U|I . we find a unique 
solution with a finite radius. 

For a two-brane model, if the tension on one brane is 
critical, the other is not the case. For example, if the ten- 
sion of the positive tension brane (r2) is critical, a effec- 
tive cosmological constant on the negative tension brane 
(ri) is positive. Conversely, if the tension of the negative 
tension brane (ri) is critical, we find AdS universe on the 
positive-tension brane. For a single brane model, the ra- 
dius of the created brane universe is fixed. In Fig. |S1 we 
depict the ratio of the size of a single brane with respect 
to rj to that without the Gauss-Bonnet term, which is 
obtained by We find that the difference is not so 

large. For the plus branch, the radius of the created uni- 
verse is always smaller than that without Gauss-Bonnet 
term. While, for negative branch, it highly depends on 
the value of t]. If we take the limit of 77 — > l(a — > 0), the 
radius gets much larger. 

Note that since the trace anomaly always vanishes for 
a flat brane, the flat two-brane model at any distance is 
possible. 




FIG. 4: The tension for a de Sitter brane instanton with 
77 = 2/3 and fcs/^i = 3,10,10^,10^, and 0, where ^3=0 
gives the case without the trace anomaly term. The figures 
(a) and (b) correspond to the cases of a plus- and a minus- 
branches, respectively. Since limri^oo[A — Acr] ~ 0+, we find 
a unique solution at finite radius if the tension is the critical 
value Acr- 



V. CONCLUSION 

We have presented instanton solutions in the model 
with a Gauss-Bonnet term. If a brane is a closed uni- 
verse, wc flnd both two-brane and single-brane de Sit- 
ter brane instantons. For a flat brane universe, we can 
also construct a two-brane instanton solution. As for a 
single-brane model, a compact bulk spacetime with a sin- 
gle brane is not possible because a flatness of the brane is 
not consistent with a no-boundary boundary condition. 
However, the RS II type instanton with a non-compact 
bulk spacetime is allowed because its Euclidean action is 
finite. For an anti-de Sitter brane instanton with nega- 
tive curvature, we can also construct only a two-brane 
instanton solution. In this case, the RS II type instanton 
does not exist because the Euclidean action diverges. 

Although we find instanton solutions in the model with 
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FIG. 5: The radius of a de Sitter brane instanton with respect 
to rj. The figure shows the ratio of the nucleation radius to 
that without the Gauss-Bonnet term. The figures (a) and 
(b) correspond to the cases of a plus- and a minus- branches, 
respectively. Here R is the radius of the positive brane : R = 
l± sinh{ri/l±) and Ri is the radius of the positive brane with 
rj = 1 : Ri = if sinh(ri/Zf ), where if = l±{ri = 1). 



Dufaux '23', the models with a negative-tension brane 
show its instability in the Einstein-Gauss-Bonnet theory. 
However such a problem is absent in the non-compact RS 
II model. For de Sitter brane instanton with two branes, 
this instability may be smeared out by the existence of 
trace anomaly terms similarly to the inclusion of induced 
gravity term on the branes. Furthermore in order to 
predict the initial state of created brane universe, we need 
to include other important effects such as the Casimir 
energy, which are not taken into account here. These 
issues are left for a future study. 
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APPENDIX A: EUCLIDEAN ACTION 

Here we present the Euclidean action. First, we calcu- 
late a scalar curvature and a Gauss-Bonnet term using 
the metric (|2.11|l as 



R = 12 



-GB 



24 



k-h''- 



- 96 



k-b''- 



(Al) 

h" 



By using Einstein equations ()2.12f) . we rewrite the bulk 
action H2.13|l as 



Gauss-Bonnet term, we cannot predict the initial state of 
the brane universe. This is because the Euclidian action 
has no minimum value. For a flat and an anti-de Sitter 

(k) 

brane, the volume of a created brane universe V^'^' is not 
fixed as well, vj'^'^ can be arbitrary. 

As for the tension of a brane, although the critical 
tension requires a fine-tuning, we need such a choice to 
explain the present small value of the universe. Such a 
tuning could be obtained in some super symmetric theo- 
ries such as Horava-Witten model. Here we assume such 
a tuned value, i.e. the critical tension. Then we also 
include trace anomaly terms on the brane. In this case, 
we can predict the size of the universe. If we have a 
single-brane universe with no-boundary boundary condi- 
tion, the created universe is in de Sitter phase and natu- 
rally evolves into inflationary stage. 

According to the recent analysis by Charmousis and 



S 



bulk 



M 



8K 



(fe) 



dr 



A 



A- 



4 



k - b'- 



b" k-b 



.(A3) 



In a single-brane model, we just replace the integration 
range [ri,r2] with [0,ro]. In the second line of Eq. ljA3p . 
we put the factor 2 because an instanton is constructed 
from two copies of a patched manifold with region [ri, 
(or [0,ro]). 
We then calculate the surface term, i.e. 



K + 2a{J ~2GP''Kp„) 



b' 



1 - 4a 



62 



3k 



where we have used Jn^, 



-2{b'/bfh 



, (A4) 
and J = 



-8 {b' /b) . Using above results, we rewrite the bound- 
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ary action 



S-branc = _ / d*^^ 



Using the junction condition (|2.1t)|) . IjASp gives 
1 



A (A5) 



^5 JaM^ 



b'\ r „ 3fc 



n ± 



(A6) 



Imposing Z2 symmetry {b'_ — — the Euchdean action 
for a two-brane model is rewritten as 



2V 

obranc 4 

"J R — ' 



(fe) 



1 - 12a 



2V^ 



(fc) 



1 - 12a 



For a single-brane model, 



5 



branc 
E 



2V, 



(k) 



62 



3fc' 



Finally we obtain the total action by 



(A7) 



r=ro 

(A8) 



bulk _L ^branc 



[1] A. Vilenkin, Phys. Lett. 117B, 25 (1982). 
[2] J. B. Hartle and S. W. Hawking, Phys. Rev. D 28, 2960 
(1983). 

[3] S. Coleman and F. de Luccia, Phys. Rev. D 21, 3305 
(1980). 

[4] K. Akama, Lect. Notes Phys. 176, 267 (1982). 

[5] V. A. Rubakov and M. E. Shaposhnikov Phys. Lett. 
152B, 136 (1983). 

[6] J. Polchinski, Phys. Rev. Lett. 75, 4724 (1995). 

[7] N. Arkani-Hamed, S. Dimopoulos and G. Dvali, Phys. 
Lett. B429, 263 (1998); L Antoniadis, N. Arkani-Hamed, 
S. Dimopoulos and G. Dvah, Phys. Lett. B 436, 257 

(1998) ; N. Arkani-Hamed, S. Dimopoulos and G. Dvali, 
Phys. Rev. D59, 086004 (1999); N. Arkani-Hamed, S. 
Dimopoulos, N. Kaloper, J. March- Russell, Nucl. Phys. 
B567, 189 (2000). 

[8] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 4690 

(1999) . 

[9] L. Randall and R. Sundrum, Phys. Rev. Lett. 83, 3370 

(1999) . 

[10] P. Binetruy, adn, C. Deffayet, and Langlois, Nucl. 

Phys. 565, 269 (2000). 
[11] T. Shiromizu, K. Maeda, and M. Sasaki, Phys. Rev. D 

62, 024012 (2000). 
[12] J. Garriga and M. Sasaki, Phys. Rev. D 62, 043523 

(2000) . 

[13] S. W. Hawking, T. Hertog, and H. S. ReaU, Phys. Rev. 

D 63, 083504 (2001). 
[14] S. W. Hawking, T. Hertog, and H. S. ReaU, Phys. Rev. 



D 62, 043501 (2000). 
[15] A. A. Strobinsky Phys. Lett. 91B, 99 (1980). 
[16] G. Dvah, G. Gabadadze, and M. Porrati, Phys. lett. B 

485, 208 (2000); G. Dvah and G. Gabadadze, Phys. Rev. 

D 63, 065007 (2001); G. Dvah, G. Gabadadze, and M. 

Shifman, ibid. 67044020 (2003). 
[17] K. Maeda, S. Mizuno, and T. Torii, Phys. Rev. D 68, 

0234033 (2003). 
[18] B. Zwiebach, Phys. Lett. B 156, 315 (1985). 
[19] B. Zumino, Phys. Rep. 137, 109 (1986). 
[20] N. Deruelle and M. Sasaki, Prog.Theor.Phys. 110, 441 

(2003). 

[21] J. E. Kim and H. M. Lee, Nucl. Phys. 602, 346 (2001); 

ibid. 619, 763 (2001). 
[22] K. Maeda and T. Torn, Phys. Rev. D 69, 024002 (2003). 
[23] C. Charmousis and J. Dufaux, hep-th/0311267 
[24] M. Minamitsuji and M. Sasaki, hep-th/0404166] 
[25] R. C. Myers, Phys. Rev. D 36, 392 (1987). 
[26] G. W. Gibbons and S. W. Hawking, Phys. Rev. D 15, 

2752 (1977). 

[27] H. A. Chamblin and H. S. ReaU, Nucl. Phys. B562, 133 
(1999). 

[28] W. Israel, Nouvo Cimento Soc. Ital. Fis. B 44, 1 (1966). 

[29] E. Witten, Nucl. Phys. B195, 481 (1982). 

[30] N. D. Birrell and P. C. W. Davies, Quantum fields in 

curved space (Cambridge University Press, Cambridge, 

England, 1982). 
[31] A. Vilenkin, Phys. Rev. D 32, 2511 (1985). 



